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Abstract 



We consider a /i-deformation of the Segal-Bargmann transform, which is 
a unitary map from a /i-deformed quantum configuration space onto a fj,- 
■ deformed quantum phase space (the /i-deformed Segal-Bargmann space). 

Both of these Hilbert spaces have canonical orthonormal bases. We ob- 
tain explicit formulas for the Shannon entropy of some of the elements of 
these bases. We also consider two reverse log-Sobolev inequalities in the 
/i-deformed Segal-Bargmann space, which have been proved in a previ- 
ous work, and show that a certain known coefficient in them is the best 
' possible. 
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1 Introduction 

The Segal-Bargmann space B 2 is the holomorphic subspace of the Hilbert space 
L 2 (C, dvQ auss ), where d^Gauss is a Gaussian measure. Since B 2 is closed in 
L 2 (C, d^Gauss), the Segal-Bargmann space is itself a Hilbert space. It is common 
to think of the Segal-Bargmann space as a quantum phase space, similarly as 
one thinks of the space L 2 (R, dx) as a quantum configuration space. The so 
called Bargmann transform B : L 2 (R, dx) — > B 2 is an isomorphism between 
these two quantum spaces and Segal-Bargmann analysis has to do mainly with 
the study of operators related to B and spaces of holomorphic functions related 
to B 2 . (The beginnings of this mathematical theory date back to the works 
of Segal [Segl], [Seg2] and Bargmann [Bar]. The physical theory begins with 
the work of Fock [F].) The quantum configuration space can be replaced by 
another unitarily equivalent space, namely L 2 (R, dg), called the ground state 
representation, where dg is another Gaussian measure. In this case, the resulting 
transform B that maps the ground state representation unitarily onto the Segal- 
Bargmann space is called the Segal-Bargmann transform. In both quantum 
spaces L 2 (R, dg) and B 2 there are defined unbounded self-adjoint operators Q 
(position) and P (momentum), which satisfy the relation [P,Q] = —il, called 
the canonical commutation relation (CCR). The CCR implies the equations 
of motion i[P,H] = Q and i[Q,H] = -P, where H = 2~ 1 (Q 2 + P 2 ) is the 
Hamiltonian of the harmonic oscillator. In 1950, Wigner [Wig] proved that 
the converse implication is false by exhibiting a family of unbounded operators, 
labeled by a parameter \i > —1/2, that satisfy the equations of motion but do 
not satisfy the CCR. Rosenblum and Marron described explicitly (in [Rosl], 
[Ros2] and [Marr]) a /i-quantum configuration space L 2 (R, {x^ dx), a /t-Segal- 
Bargmann space 2? 2 , and a /i-Bargmann transform B^ which is a unitary onto 
transformation mapping the former Hilbert space to the latter Hilbert space. 
This theory can be understood as a /^-deformation of standard Segal-Bargmann 
analysis with the property that if one sets fi — the standard theory is recovered 
(see [Snt3]). So we will refer to L 2 (R, \x\ 2tJl dx) and B 2 , as the "/i-deformed 
quantum configuration space" and the "/^-deformed Segal-Bargmann space" , 
respectively, and to B^ as the "/i-deformed Bargmann transform" . It is easy to 
obtain explicitly also the "/t-deformed ground state representation" L 2 (R, dg^) 
and the "/^-deformed Segal-Bargmann transform" B^, which is a unitary map 
from L 2 (R,dg^) onto £ 2 . 

In his paper [Sntl] the second author put emphasis on the Shannon entropy 
(to be defined in Section 2) as an important quantity in Segal-Bargmann anal- 
ysis. More precisely, following [Hir] the second author proved a log-Sobolev 
inequality, where the entropies of a function / e L 2 (R, dg) and of its Segal- 
Bargmann transform Bf € B 2 are involved. Later in [Snt2], the second author 
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obtained explicit formulas for the entropy of relevant elements of the Hilbcrt 
spaces L 2 (R, dg) and B 2 , namely, elements of the corresponding canonical basis 
of these spaces. By denoting by £„, n = 0, 1... the functions of the canonical ba- 
sis {Cnj^Lo °f ^ ne ground state representation L 2 (M, dg), and by £„, n = 0, 1... 
the functions of the canonical basis {£™}^Lo °f Segal-Bargmann space B 2 , the 
second author proved in [Snt2] that 

^ (c , dl/Gauss) (^)=n(-7+l + ^ + --- + ^ -logn!, (1.1) 

^2 (K;ds) (Ci) = 2-log2- 7 , (1.2) 

where S , L 2 (C)dl/Gaase) (£„) is the entropy of £„ e Z? 2 , n = 0, 1, S L 2 (1Mff) (Ci) is 
the entropy of Ci € L 2 (R, dg), and 7 is Euler's constant. 

In the context of the /z-deformed theory of Segal-Bargmann analysis, sim- 
ilar results to those in [Sntl] have been recently proven, e.g. log-Sobolev and 
reverse log-Sobolev inequalities. (See [A-S.l], [A-S.2] and [P-S].) What we want 
to do in this work is to obtain, for the ^-deformed theory, similar results to 
those in [Snt2]. That is, we want to obtain explicit formulas for the entropies 
of the /i-deformed elements Ci and n — 0,1,... of the corresponding /x- 
deformed canonical basis {C«}^Lo an< ^ {C« }^Lo °^ * ne M-deformed Hilbert spaces 
L 2 (M, (it^) and B 2 , respectively. 

We now outline the content of the work. In Section 2 we give the definitions 
and notation that will be used throughout the work. In this section we also 
introduce the ^-deformed Hilbert spaces L 2 (R, dg^) and B 2 , and their canonical 
bases as well. In Section 3 we give some preliminary results that will help us 
to analyze some properties of the sequence of entropies of the functions n = 
0, 1, .... These properties are not explicitly given (in the case /1 = 0) in [Snt2], 
but we give them as a proposition at the end of Section 3. In Section 4 we obtain 
explicit formulas for the entropies of the elements € B 2 , n = 1,2,..., and we 
study some properties of the corresponding sequence of entropies. The results 
in this section generalize the formula (1.1) of [Snt2], as well as the proposition at 
the end of Section 3 mentioned above. In Section 5 we consider the /x-deformed 
ground state representation and we obtain explicit formulas for the monomials 
t n G i 2 (M, dg^), n = 0, 1, .... Unfortunately the technique we use here to obtain 
these formulas (and those of Section 4) does not work to obtain the entropies of 
the elements of the canonical basis of i 2 (K, dg^), for n > 2. It turns out that 
our method for calculating the entropy of a function / works only in the case of 
/ being a monomial, and the elements are monomials only for n = 0, 1. The 
formula we obtain for the entropy of Ci generalizes the formula (1.2) of [Snt2]. 

Also, by means of a concrete example, in Section 5 we show that the \x- 
deformed Segal-Bargmann transform i? M does not preserve entropy. In Section 
6 we consider two reverse log-Sobolev inequalities proved in [A-S.2], in which 
the condition c > 1 of a certain parameter c appears as a sufficient condition. 
In this section we show that this condition is also necessary, or in other words, 
that the condition c > 1 is the best possible. Finally, in Section 7 we make some 
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comments about what we left unfinished in this paper and what is possible to 
do beyond the results presented here. 



2 Definitions and notation 



In this section we give the definitions and the notation that we will use through- 
out the work. First, we take \i > — \ to be a fixed parameter (unless otherwise 
stated). The (Coxeter) group Z 2 is the multiplicative group {—1,1}, and log 
is the natural logarithm (base e). We use the convention OlogO = (which 
makes the function <fi : [0, oo) — > K, 4>(x) = a; log a; continuous). We also use 
the convention that C denotes a constant (a quantity that does not depend on 
the variables of interest in the context), which may change its value every time 
it appears. We denote by H (C) the space of holomorphic functions / : C — > C 
with the topology of uniform convergence on compact sets. 

We begin by defining the /x-deformations of the factorial function and of the 
exponential function. Let N denote the set of positive integers. 

Definition 2.1 The [i-deformed factorial function 7^ : N U {0} — > M is 

defined by 7^ (0) = 1 and 

7m O) : = ( n + W) 7m {n ~ 1) , 

where n € N and 9 : N — > {0, 1} is the characteristic function of the odd positive 
integers. The ^-deformed exponential function e M : C — > C, is defined by the 
power series 

00 z n 

e M ( z ) : = Y] TT- 

fo > («) 



We note that 70 (n) — n\ (the usual factorial function) and so e (z) = exp (z) 
(the usual complex exponential function). It is clear that the power series in 
the definition of (z) is absolutely convergent for all z e C. So the ^(-deformed 
exponential is an entire function. 

We will use the following explicit formulas for 7^ (2n) and 7^ (2n + 1), n = 
0,1,2,... (see [Rosl], p. 371): 

7,(2n)= 22 ° r <" + r ;> r 'V" + ^ («) 
r (A 1 + 2) 

_ (2n)!r(l)r(/i + n+l) 

r( M + i)r(n + i) ' 
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7 M (2«+1) = 



2 2n+1 r(n+l)r( M + n+|) 
(2n+l)!r(i)r( M + n+|) 



(2.2) 



The following definition (from [Rosl]) gives us a ^-deformation of the clas- 
sical Hermite polynomials. 

Definition 2.2 For n = 0,1,... we define the n-th \i- deformed Hermite 
polynomial H£(t) by the generating function 

OO ^ 

exp(-z 2 ) e,(2tz) = J2HZ(t) Z -- 

n=0 n - 



It is easy to check that H% (t) is in fact a polynomial of degree n in the real 

-2—t 

1+2^ 



variable t. For example, we have that (t) = 1, iJf (t) = 2 t, i/^ 1 (i) = 



4 +2 



t — 2, and so on. 



l+2/i 

The normalized ^-deformed Hermite polynomials (%(t), n = 0, 1, ... defined 

by 

C(i):=2"t (n!)" 1 ^))*^*), (2.3) 

form an orthonormal basis of the /z-deformed ground state representation 
L 2 (R, dg^), where dg^ is the ^-deformed Gaussian measure defined by 

dg, (t) := (Y (m + ^ ) cxp (-t 2 ) |i| 2 " dt. (2.4) 

The basis {Cnl^Lo * s caue d the canonical basis of L 2 (R, dg,). (See [Rosl] 
and [P-S].) 

The case /i = recovers the well known fact that for n = 0,1,..., the 

n _1 

normalized polynomials ( n (t) = 2~ 2 (n!) 2 i?„ (t), where H n (t) denotes the 
n-th Hermite polynomial, form the canonical orthonormal basis of the ground 
state representation L 2 (R, dg), where dg is the Gaussian probability measure 
dg (t) = n~i cxp (-t 2 ) dt. (See [Hall].) 

Definition 2.3 We define the measure dv, on the space C x Z 2 by 

dv, (z, 1) := -^-L^K^ (|z| 2 ) \z\ 2 » +1 dxdy, (2.5) 

di/„ (z, -1) := — HlJL^ + , (| z | 2 ) | z | 2 ^+i ^ (2 .6) 
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where T is the Euler gamma junction, K a is the Macdonald junction oj order 
a (both defined in [Leb],), and dxdy is Lebesgue measure on C. 

By using that C = Cx {1} = Cx {-1}, we will identify the restrictions (2.5) 
and (2.6) as measures on C. 

The Macdonald function K a is the modified Bessel function of the third kind 
(with purely imaginary argument, as described in [Wat], p. 78), which is known 
to be a holomorphic function on C \ (-co, 0] and is entire with respect to the 
parameter a. Nevertheless, our interest will be only in the values and behavior 
of this function for x G R + and a£l. For zeC, |argz| < ir and a ^ Z, the 
Macdonald function can be defined as 

7T I_ a (z) - I a (z) 

K a \Z) = —, : 

2 sin (an) 

(see [Leb], p. 108), where I a (z) is the modified Bessel function of the first 
kind. For a G Z, we define K a (z) — lim^ a if^ (2). This expression shows 
that K a (z) is an even function of the parameter a. In particular, since Ii (z) = 

(~wz) 2 smn2; an d I-i ( z ) = (^) 2 cos h z (see [Leb], p. 112), we have that 

which shows that for /j, = the measures defined on C by (2.5) and (2.6) are 
the same Gaussian measure: 

dv (z, 1) = dv (z, —1) = 7T _1 exp ^— |z| 2 ^ dxdy, 
which is the Gaussian measure d^Gauss of the Segal-Bargmann space B 2 = 

w(C)nL 2 (<c,^ Gauss ). 

By using the formula 

jf K a (s) s^ds = *-*r (^) r (^) , (2.7) 

which holds if Re (3 > \Rea\ (see [Wat], p. 388), we can see that (2.5) and (2.6) 
are finite measures on C, and moreover that the former is a probability measure. 
(See [P-S].) 

The integral representation 



K a (z)= / exp (—z cosh u) cosh (au) du Rez>0 (2.8) 
Jo 

(see [Leb], p. 119) gives us at once two important properties of the Macdonald 
function. The first is that K a (x) > for all x G R + , and the second is that K a 
is a monotone decreasing function for x G M + . 
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We will work with the Hilbert space L 2 (C x Z2, dv^). The norm of a vector 
/ G I 2 (Cx Z 2 ,d^ I ) will be denoted by ||/|| i 2( CxZ2 dl/ )• Let us consider the 
space 

«2, M ={/ : C - C I / e e L 2 (C, di/„| Cx{1} ) and / e L 2 (C, di/„| Cx{ _ 1} )} , 

where / = fe + fo is the decomposition of / into its even and odd parts. Observe 
that when fi = we have #2,0= L 2 (C, d^Gauss)- 
For / e Sj2.f1 we define 

ll/IU 2 ,„ := Wfe\\L2(C,dv„\ Cx{1} ) + H^IIl 2 (C,cI^| Cx{ _ 1} ) ■ 

The linear map $ : Sj 2 ^ — » L 2 (C x Z 2 , defined as ($/) (2, 1) = / e (z) 
and (<&/) (z, — 1) = / (z) is injective and has the property that 

H/!U,„ = ll*/IUcxz 2 ,*,„) (2-9) 

for all / e Therefore IHI^ is a norm on F)2,n- It is not hard to show 

that the range of $ is a closed subspace of L 2 (C x Z2, dv^). Therefore Sj2,n 
is a Hilbert space, since we have identified it with a closed subspace of the 
Hilbert space L 2 (C x Z 2 , dv^). For a function / € Sj2,n we will sometimes write 
its norm as ||/|| i 2( CxZ2 dv y meaning that we are using (2.9) and identifying / 
with $/. 

We will use the notations dv e ^ and dv a ^ for the restrictions cfoy»lcx{i} an< ^ 
^mIcx{-i}' respectively. So for / e #2,^ we have 

ll/IU 2 , M = H/ellL 2 (C,d!y e , M ) + \\fo\\L2(C,d» ^) 
= H/ellL, M + ll/ollL, M - 

Definition 2.4 The /i-deformed Segal-Bargmann space, denoted by B 2 ^, is 
defined as 

Bl:=H(C)nSj2^ (2.10) 

That is, B 2 is the holomorphic subspace of 9)2, fi- It turns out that B 2 is 
closed in $)2,n, and then it is also closed in 1? (C x Z 2 ,g^), so B 2 is itself a 
Hilbert space. (The proof of this fact does not depend on /j,; see Theorem 2.2 in 
[Hall] for the case \x = 0.) Observe that when fi = we have B\ = H (C)nf) 2 = 
H(C)nL 2 (C,^ Gauss )-£ 2 . 

If we decompose the space H (C) of holomorphic functions / : C — > C as 
H (C) - He (C) 8 Ho (C) , where 

He (C):={/G W(C) :/ = / e } 
and H (C):={/£H(C):/ = / } 
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are the subspaces of the even and odd functions of TL (C), respectively, then by 
writing H (C) 3 f = f e + f a , the space B 2 is just the space of holomorphic 
functions / : C — > C such that the even part f e (the odd part f Q ) of / is square 
integrable with respect to the measure dv e ^ (with respect to the measure dv ^, 
respectively). That is, 

Bl = {feH (C) : f e E L 2 (C, dv^) and f e L 2 (C, <&/„,„)} . 

Yet another way to think of B 2 is as 

where 

Bl=n e (C) n ^ 

and B%= Ho (C) n £ 2 , M 

are the even and odd subspaces of B 2 . 

Observe that the inner product of the Hilbert space B 2 (from which the 
norm on B 2 defined above comes) is 

Vo u) ' 

(2.12) 

We then have that B 2 ^ and B% are orthogonal subspaces of B 2 , and that 
(2.11) holds as Hilbert spaces. 

The monomials (z), n = 0, 1, ... defined for z e C by 

^W:=(7»)"^ n , (2-13) 

form an orthonormal basis of the ^-deformed Segal-Bargmann space B 2 . The 

basis {Cnl^Lo ^ s caue d the canonical basis of B 2 . When \i = we obtain 

_ i 

the monomials (z) = (n!) 2 z n , n = 0,1,... which are known to form the 
canonical basis of the Segal-Bargmann space B 2 . (See [Hall].) 

The /i-deformed Segal-Bargmann transform : L 2 (R, dg^) —* B 2 can be 
defined as (£#) = n = 0, 1, .... It is clear that B^ so defined is a unitary 
map. An explicit formula for B^ is 

(z) = cxp (23 te) / (t) . (2.14) 

(See [P-S].) When /i = this formula becomes 

(S /) (z) = ^cxp (-^- + 2*ts) f(t)dg (t) , 

which is the undeformed Segal-Bargmann transform studied, for example, in 
[Hall] , where it is shown that it is a unitary map from the quantum configuration 
space L? (R, dg) onto the quantum phase space B 2 . 
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Definition 2.5 Let (Cl, dv) be a finite measure space, that is, < z/(fi) < oo. 
For f € L 2 (f2, di/), ifte Shannon entropy Sz^q^) (/) is defined by 

Smn, dv) (/) := ^ 1/ M| 2 log |/ HI 2 <fc/ (w) - \\f\\ 2 L 2 { n, d „) log ll/ll^n,*,) • 

(2.15) 

This definition was introduced by Shannon [Sha] in his Theory of Com- 
munication. Note that, since (fl, dv) is a finite measure space, the entropy 
SL 2 {n,du) (/) makes sense for all / G L 2 (Q.,dv). Moreover, by considering the 
convex function <p '■ [0, oo) — ► K, (j)(x) = xlogx, and the probability measure 
space (ft, dv'), where dv 1 — W~ 1 dv, W — v (Vl), we have by Jensen's inequality 
(see [L-L], p. 38) that 

^ |/ (W)| 2 dl/ (W)) log(^: ^ |/ (W)| 2 (^)) < ^ 1/ (^)l 2 I«g 1/ (^)l 2 <^ 
or 

(-\ogW)\\f\\ 2 L2{n4l/) <S L 2 {n ^ ) (/), 

which shows that S L 2 {ndl/) (/) ^ -oo, though S L 2 {ndv) (/) = +oo can hap- 
pen. Also observe that Si?(£i t< iv') (/) > 0, though S^^ ^ (/) can be negative. 
Finally, note that S L 2^ dv ^ (/) is homogeneous of degree 2. 

Observe that for / e S 2 , / ^ 0, the entropy S L 2 {CxZ2 (/) is not in 
general equal to S L 2 {c dl/<i ^ (f e ) + S L 2 {c dVo ^ (f a ). What we really have is 

S^(CxZ 2 ,d^) (/) = S L 2( Cidl/e ^ (/ e ) + S L 2 {C4vo ^ (/„) (2.16) 

, ,,, |,2 , \\fe\\L2(C,d»e^) 

+ \\Je\\L*(C,dv e ,„) 10 § iTTp 

11/ IIl 2 (cxz 2 ^!/ m ) 

"/oil 2 



II <■ || 2 , \\Jo\\L2(C,dv „,„) 
+ II/o|Il2 (Ci(Ji/o m) log — -2 



l/ll 



L 2 (CxZ 2 ,div) 



Nevertheless, observe that if / is an even (odd) function, its entropy is given 
by S L 2 {Cd „ c ti) (/) {S L 2(c tdVo ^ (/), respectively). Then, for the functions 
of the canonical basis of B 2 we have 5^ = Sx2(c,di/ e ) if n is even, and 
S£ = S L 2 {C4Uo ^ if n is odd, where S£ := S L 2 {CxZi2tdUfi) (££), n = 0, 1, 2, .... 



3 Preliminary results 



In the calculations we will do in the Sections 4 and 5, the derivative of the 
gamma function will arise naturally. Recall that the logarithmic derivative of 
z i ► r (z) , also called the diqamma junction and denoted by (z), is defined by 
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for all z 7^ 0,-1,-2,.... (Sec [Leb], p. 5.) We will be interested only in the 
values and behavior of ip (x) with x e R + . 

From the basic property of the gamma function r (a; + 1) = xT (x) one 
obtains the formula 

ip(x + l) = -+ip(x), 
from which one gets by induction that 

71— 1 

for n G N. Using the identities ip (1) = —7 and ip (|) = —7 — 21og2 (see [Leb], 
p. 6), the previous formula implies (by taking x = 1 and x = 5) that 



n 1 

V>(n+1) = -7 + V- 

fc=l fe 

and 

(n + -j^-7-21og2 + 25:^- T , 
v 7 fe=i 
When necessary we will use these formulas without further comment. 
In this section we will state and prove two lemmas that we will be using in 
Sections 4 and 5. 

Lemma 3.1 (a) The inequality < ip (x + m) — \ogx < (2m — 1) (2x) 1 
holds for all x € M + and m <G N. In particular, we have that for any m € N 

lim (ip (x + m) — log x) = 0. 

(b) For y > fixed we have that 

lim (ip (x + y) — logs) = 0. 

x — >+oc 

(c) The inequality —x^ 1 < ip (x) — logs < — (2x) 1 holds for all x G R + . In 
particular, we have that 

lim (ip (x) — logx) = 0. 
Proof: From the integral representation of ip (z), 

and the integral representation of log (z), 



00 e"* - e~ tz 



log (z) = / dt, 
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both valid for Rez > (see [Leb], pp. 6,7), one obtains for all x > and m > 
that 

V>(z + m)-log:E = / f - - ^ e _ t je- tx dt. (3.1) 



For m € N, let us consider the function /i 

^ e -tm 

where we define h m (0) = lim t _> h m (t) — 2m 2 ~ 1 > 0. So /i m is continuous. For 
all t > we will prove by induction that < ft, m (i) < 2m 2 -1 holds for all m E N. 
Observe that e* > 1 + t for £ > implies hi (t) > for t > 0. Also observe 
that /3 (i) = tanh | — | is a decreasing function in K+ , so that tanh § < | 
for t > 0, which implies that /ii (t) < \ for i > 0. This proves the inequality 
< h m (t) < 2 " 2 ~ 1 for m = 1 . Suppose now that the inequality holds for a 
given to G N. The hypothesis h m (t) > gives us 

, \ 1 e"*" 1 , (\ e- tm \ , 1 -e"* „ 

^ (<) = 7 - T^ e = U - T-^ J e + — > 

for t > 0. Also, the case m = 1 gives us that 7 < | + rzpi > which together 
with the hypothesis h m (t) < 2m y l gives us (for t > 0) that 

1 e- tm \ _ t 1 



<^l e -* + (l- e -- /: ' 



2 v 7 \ 2 1-e"* 

2to - 1 _ t . 1 + e~* 



= me t + 



1 

2 



2m+ 1 
< ; , 



as wanted. Then (3.1) and the inequality < h m (t) < 2 we just proved 
above gives us that 

< ip {x + m) - \ogx < 2m ~ 1 f e- tx dt = (2m - 1) (2 X y 1 , 

2 Jo 

which proves (a). 

For x e M+ we have that 

ip (x) — log (x) = ip (x + 1) — log (a;) — a; - . 

So, by using (a) with m = 1 we have that 

-x^ 1 < ip (x) - log (x) < (2xy 1 -x^ 1 = - {2xy 1 , 
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which proves (c). 

Now we prove (b). (We need to prove the result for y £ N.) Observe that 
it is sufficient to demonstrate the result for ye (0, 1), since given that for any 
fixed non- integer Y > we can write Y = [Y\ + y, where [Y\ is the floor 
function of Y and y € (0, 1). Then, by defining X := x + \Y \ we have that 

lim (tp (x + Y)- log x) = lim (tp (X + y) - log (X 

= lim (■ip(X + y)-\ogX 
= lim {^{X + y)-\ogX) 
= 0. 



-I7J)) 



We consider the continuous function h y : K — > R, /ij, (t) = i — i1 e -t , where 
ft, y (0) = lim t _»o /ij/ (i) = V 2 i an< i < y < 1 is fixed. According to (3.1), with 
m = y € (0, 1), it is sufficient to prove that /i B is bounded in [0, oo), since if 
\h y (t)\ <C for alH>0, then 



|V>(a; + y) -logx| 



/•OO 

/ h v 
Jo 



(t) e~ tx dt 



< C 



f 

Jo 



~ tx dt = -, 



and thus ip (x + y)—logx — > as x — > +oo. But observe that lim t ^ +oc /i y (t) = 
and that /i y is continuous, which shows that h y is bounded on [0, oo). 

Q.E.D. 

Lemma 3.2 Let fi > — i &e /sired. T/ien 



lim 

n— >oc 



(7m(«)) 1 



C^Voie i/iai i/ws /irmi does not depend on fi.) 
Proof: It is sufficient to prove that 



lim 



= lim 



( 7 „(2n+l))* 



2n n— >oo 2n + 1 

Let us consider the even case. We can write by using formula (2.1) that 



(7m(2«)) 3S _ ((2n)!)* 



2n 



We have that lim„^ r 



2n lr( M +i) 



((2")0^ 
2n 



e 1 and lim ?l 



r (fj, + n + \) 

, r(n + i) 
£(i) 



r^+i) 



1. So it 



remains to prove that the limit of the third factor in the left hand side is 1. By 
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using Stirling's formula we have that 



lim I — -r^- = lim 

1\^ ( » + n+ ± x - 

= 1. 

For the odd case, by using (2.2) we have that 

( 7M (2rc+l))^ = ((2n+l)!)*W r (1) \ ^ ( T ( M + n + f) 
2n + l 2n+l ^r( M +±)J ^ r (n + §) 

' r (^) 

2n+l - - — n-oo ^r( M +i) 

So the proof ends by showing that the limit of the third factor in the left hand 
side is 1. By using Stirling's formula we have that 




We have that lim™ CQa+MgH = e -i an d lim„^ co f -^Irl ^ = 1. 



lim (n^±f\- 

™^ r(n + |) y 

2^( M + n+|)^ + " +1 e -(^"+i)\^ 



= lim 

n— >-oo 



-co 




v^(n+§)" +1 e-(" + i) 



,. , , 3\^ e_ //i + n+ f \ 2 ""+ 1 



= 1. 



Q.E.D. 



Observe that formula (1.1), which gives us the entropy of the elements of 
the canonical basis {£„} of B 2 , can be written as 

Smcd^u.s) (&») =mp(n+l)- logra!. (3.2) 

In the case n = we have £o = 1 and then from (2.15) we have that 
5 , L 2 (c.diy G au 3B ) (1) = 0- (Note that this case is also included in (3.2).) 

We can use Lemmas 3.1 and 3.2 to prove some properties of the sequence of 
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entropies {S n }™ =0 , where S n := S L 2 (Cidl/GauBB ) (£„). First, we note that 
S n+ i = (n + 1) V (n + 2) - log (n + 1)! 

= (n + 1) (^-j-y + ^ (n + 1)^ - logn! - log (n + 1) 

= S n + 1 + tp (n + 1) - log (n + 1) 
1 



> 5 n + l 



1' 



where we used Lemma 3.1 (c). Thus, for n = we have that Si > 0, and 
for n € N we have SVj+i > S n . That is, the sequence {SVij-^Lq is increasing. 
Moreover, {S n }^ =0 is a sequence of non-negative terms. (This conclusion also 
comes from the fact that (C, rf^Gauss) is a probability measure space.) 

Next, by using the equality S n +i — S n = 1 + tp (n + 1) — log (n + 1) of the 
previous argument and Lemma (3.1) (c) we have that 

lim (5„+i - S n ) = 1, 

which proves that the sequence {5 , ra }^L 1 is unbounded and, moreover, implies 
that 

lim — = 1. 

71— >oc 72 

ra-1 

(Proof: limn^oo (S n+ i - S n ) = 1 =4> lim^oo £ £ (Sfe+i - S fc ) = 1 

fc=0 

=> limn^oo s "~ s " = 1 =>■ limn^oo ^ = 1.) This limit can also be proved 
directly by noting that 

S 1 1 

— = V' (n + 1) log n\ 

n n 

(n!)« 

= ^ (n + 1) — logra — log , 

n 

and thus, by using that tp (n + 1) — logn — > as n — > oo (Lemma 3.1 (a)) and 

that log — ► e" 1 as n — > oo, we obtain the desired result lim^oo ^ = 1 . 
In conclusion, we have proved the following. 

Proposition 3.1 The sequence {S n }^_ , where S n — £z,2( Cdl , Gauss ) (£„) is 
the entropy of the n-th canonical basis element in L 2 (C, rffGauss) is in 
unbounded increasing sequence of non-negative terms, with the property 
lim^oo (S n+ i — S n ) = 1 (which implies that lim^oo ^ = 1). 



4 Entropies in 

As noted in Section 2, for calculating the entropies S% = SL 2 (Cxz 2 ,di^) (£«) °f 
the elements of the canonical basis {£^}^Lo °f * ne /j-deformed Scgal-Bargmann 
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space Z? 2 , we need to consider the cases when n is even (in which case we have 
that S 1 ^ = 5 f L 2 (c.diy c n) {fin)) and when n is odd (in which case we have that 
S% = S L 2( Ctdl/o ) (£«))• We begin by considering the even case. For n = 0we 
have £q (z) — 1 and then Sq = 0. So we are interested in calculating for 
n > 1. Formula (2.15) tells us that 

/ \an(z)nOg\^ n (z)\ 2 d^(z)-U 2n \\ 



22-^ 



7rr( M + i; 



v 2n 



(7^2n)) ! 



log 



v 2n 



(7m(2^)) 5 



Since the log term in the integral of the right hand side is log|z 2 "| — 

log7^(2n), we can write as a difference of two integrals, I\ — I 2 say, in 

which I 2 = log 7^(271) \\i2n\\ 2 L 2 (ICAVa ^ = log7 M (2n). In h we change (x,y) to 
polar coordinates (r, 8) , and then let s — r 2 to obtain 



-log7 M (2n) 
2^2 



v 2n 



(7M(2n))" ; 



log I z 2 



A' 



1 2/1+1 



dxdy 



7 M (2n)r( M +i) Jo 



7^(2n)r( M +i) 7 



r 4 " (logr 4 ") A^_i (r 2 ) r 2 ^ +2 dr - log 7M (2n) 
s 2 " (logs 2 ") 1 (s) s^ds - log 7AJ (2n). 



For calculating the integral J °° K^_i (s) s^ +2n+ ^ds, we define the function 
p in a neighborhood of a = 1 as 



/>OG 

(a) = y o * 2na ^_i( a )^ + 'd*. 



Observe that for fi > — j, n e N and a in a neighborhood of 1, one has that 
2na + > I /j. — -i- 1 , so we can use formula (2.7) to write 

ip {a) = 2 2na+ ^-ir (na + 1) T + na + . 

The derivative if' is on the one hand 

/>OC 

iff (a) = / s 2 "« (logs 2 ") A^_i 00 
*/ 
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and on the other hand 



<p' (a) = 2 2na +^-^T (na + 1) nV (^i + na + 
+ 2 2na+ ^-^nV (na + l)v(^ + na + — 
+ 2 2na+n- i 2n (log 2)r (na + 1)T (n + na+\ 



2 / 

/ ,x / nij) (u + na + \) 

= 2 2na+ "-^T (na + 1) T I a + na + - ) +mp (na + 1) 

x 2 '\ +2nlog2 



Then 



?>(!)= / S 2 "(log S 2 ")i^ (s)s^ds 

J 

= 2 2n+ ^-^r (n + 1) T (y, + n + 1 



2/ 



+m/> (n + 1) 
+2n log 2 



Thus we have that 

1 \ o2n 



CM _ 
D 2n" 



^fer r + "*<" + " + log2 ) 

log 7AJ (2n). 



By using formula (2.1) for 7m (2ri) we have that the entropy of the even 
elements £2™ is 

SL = n (v (m + n + + ^ (n + 1)) - log (4.1) 

Note that this formula makes sense for n = 0, obtaining the known result 
= 0. 

In the case /U = 0, formula (4.1) becomes 

(2n)! 



S 2 °„ = n(V (»+^) +V(n + 1)) 

/ ™ l ™ l\ 

= n (-7 - 21og2 + 2^2 ^—J ~ 7 + E ~ lo S ( 2n ) ! + 2nlo S 2 

V fe=i fc=i / 

/ "1 1 " l\ 

\ fe=i fe=i / 

= 2n ^-7 + £^ -log(2n)!, 
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which is (1.1) for even positive integers, as expected. 

Since (C, dv e ^) is a probability measure space, we have that > for all 
n = 0,1,2,.... But we can arrive at this conclusion directly from the formula 
obtained for as follows. Observe that for n e N we can write formula (2.1) 

as 

7„(2»)_„ 



2 2n + k -I) ■ (4.2) 

fc=l 

Then 



S% n = nip I n + n 



^ + ml> (n+ 1) - log ^n! f[ + k - 
= ±U (n + n+l) -logln + k- 1 -) +TP(n+l)- log (k)\ . 



k=i 



Lemma 3.1(a) gives us that ip (u + n + |) — log (/i + k — ^) > and that 
ip(n + l) — log(fc) > for all k = l,...,n. So we conclude that > 0, as 
wanted. Moreover, observe that for fixed n e N, we have that (again by Lemma 
3.1(a)) ip (fi + n + |) — log (/i + fc — |) — > as fi — ► +oo, and so 

n 

lim Si" = V (^ (n + 1) - log (k)) = nip(n+l)- logn!. 

fe=l 

That is, for n e N fixed we have that 

>+CX> 

Let us consider the particular case when fj, = -|+m, m = 0,1,2, .... Formula 
(4.2) becomes in this case 

7i+ m ( 2 ») ,tt, u , , n\ (m + n)! 
-2-^ =n!||(fc + m)- 



and then formula (4.1) gives us 

St™ =n(TP(n + m + l)+TP(n+l))-log nl 

= (n + m) ip (n + m + 1) — log (m + n)! + nip (n + 1) 
— logn! — mip (n + m + 1) + logm! 

/n-l j \ 

= S'n+m + - m V" + V ("i + 1) + logm! 

\to m + k + 1 J 

n 



m + fc 
fc=i 
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That is, for n,m = 0, 1, 2, we have the formula 



S n +m + S n S m — S*2 2 „ + 



which shows that the values of the entropies S n+m ,S n and S m (of the unde- 

formed case) are related by means of the entropy 5 2 2 „ corresponding to the 
(m + |)-deformed case. 

We claim that {-S^nl^Lo * s an increasing sequence for fixed yu > — |. In fact, 
we have that 



^2n+ 2 = (« + 1) V» (m + « + |) + (« + 1) V» (« + 2) - log 



7^(2n + 2) 



22n+2 



+ n [ — !— + V (n + 1) ) + ip (n + 2) 

Vn + 1 y 

(2n + 2) (2n+l + 2/z)7 At (2n) 
g 2 2 2 2 ™ 

= S£„ + V (m + « + |) - log + n + \ 
+ i> (n + 2) - log (n + 1) + 



/i + n + | 



Lemma 3.1(a) gives us r/> (/i + n + |) — log (n + n + |) > and if> (n + 2) — 
log (n + 1) > 0. Thus we have that 5*2n+2 — ^2n > 0, as wanted. Lemma 
3.1(a) also tells us that ip + n + |) — log (^i + n + |) — » and tp (n + 2) — 
log (n + 1) ^ as n ^ oo. Thus, for fixed > we have by the expression 
above that lim„^oo (£271+2 — S^n) = 2- I n particular we see that the sequence 
{£>2n}^lo is unbounded. This limit implies that lim^oo = 1, but we can 
give a direct proof of this last result by noting that 



2n 2 V V 2 / V 2n 2 

= I(V(V + n+^ +^(n + l)") -log (7 ^ ( f ))2 " -logn 



2n 

^ I ^ I /u + n + ^ I - log n + V> (n + 1) - log n I - log 



(7m (2n)) ; 
2n 



Lemma 3.1(b) tells us that ip (fi + n + |) -logn — > and ^ (n + 1) — logn — ► 

i 

as n — > oo. Lemma 3.2 tells us that log ^^"^ 2 " — > — 1 as n ^ oo. Then we 
have that lim^oo — > 1, as wanted. 

In conclusion, we have proved the following theorem. 
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Theorem 4.1 The entropy of is given by 



} 2n 



n V A* + 71 + 77 J + i> ( n + 1) _ 1°. 



2 2n ' 



where \i > — \ and n = 0, 1, .... For fixed /i > — j, the sequence {S^I^Li is an 
unbounded increasing sequence of positive terms such that 

limJS2 n+2 -S2 n )=2, 

which implies that 

l im £2n = L 



For fixed neN, we have that 



lim S£ n = S n , 

(1— > + oo 



w/iere S n = 5°. 

For 772 = 0, 1, 2, we Aiawe that 



n-l 

i+m , \ - m 



Sri+m + SVi S m — ^2n ^ ' 



. m + k + 1' 

k=Q 



We now calculate the entropies of the odd functions £271+1, n = 0, 1,2, .... 
The steps we will follow in the calculations are analogues of the even case. Since 
S 2n+i = S L 2(c >dVo ^ (6n+i) we have that 



D 2n+1 — 



r 2ra+l 



(7„(2n+l))' 
2^2 



log 



„2n+l 



(7„(2n+l)) ! 



2-^2 f 

i)r (M + i)7 



7^(277 +.;. ^ , 2 

- log 7m (277 + 1) 

23-^ 



r 4n+2 (logr 4 "+ 2 ) (r 2 ) r 2 ^+ 2 rfr 



7„(2n+l)r(/i+|) 

- log 7m (277 + 1). 



poo 

^ s 2n+1 (logs 2n+1 )K^(s)s^ds 

o j JO 



We define 



. (a) = / s (2n+1)a ^+ 1 (a) 
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Since for \i > — i, n € NU{0} and a in a neighborhood of 1, one has that 
(2n + 1) a + /i + | > |/i + ||, we can use formula (2.7) to write 

(a) = ((„ + I) a + r ((n + a + „ + l) . 

By calculating the derivative </>'(l) in two different ways as we did in the 
even case, we get 

/•OO 

0'(1)= / s 2n+1 logs 2n+1 K^ +1 {s)s> x+ ^ds 
Jo J 

= 2 2 "+" + T(n+l)rL + n + J + ^±i?A(n+l) . 

^ 2 ^ \ + (2n+l)log2 / 



Thus, by using formula (2.2) for 7^(2^ + 1) we find that the entropy of fan+i 



is 



SL + i = (»+ ^ (/* + »+§)+ lK» + 1)) " log ^±^. ( 4.8 . 



In the case // = this formula becomes 

A (.,.(» , ^ , , 1.) : ,.( 2n+l) ! 

22n+l 



S 2 °„+i = (n + (n + |) + V (n + 1)) - log 



n+i) (-l 1+ ^(n + i) + ^(n+l)) 

- log (2n + 1) ! + (2n + 1) log 2 

/ ™ 1 1 n l\ 

= (^ + l)(-7 + ^ TT+ E^T + 2Ed-^( 2 -+ 1 ) ! 

\ fe=i fe=i / 

(2n+l j\ 
E J -Iog(2n+l)!, 



which is (1.1) for odd positive integers. 

Observe that for n e N we can write formula (2.2) as 

7M (2n+l) 



22n+l 



/ -I \ 

--nH-O- 
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Thus (4.3) can be written as 

S£ n+ i=£(tf(/x + n+§) -log(/i + fc-^) (4.4) 



fe=i 

+ \ (i> + n + ^ - log + n + ^ 

+ (" + 2~) ^ ( n + ^ ~ logn! 

- ^ log + n- 

For fixed n = 0,1,2,..., we have by Lemma 3.1(a) that V (" + n + f) — 
log (it + fc — |) — ► and ^> (it + n + |) — log (it + n + |) — > as it — > +oo. 
Thus, because of the last term of the right hand side in (4.4), we have that 
lim^+oo S^n+i = — oo. That is, negative entropies do occur in the odd case. 
(Recall that (C, dv ,n) is not a probability measure space for it ^ 0.) Neverthe- 
less we will see now that for fixed /j, > — \ the sequence {S<2n+i} n — is increasing 
and unbounded, and so it is eventually positive. We have that 

n (.,, (.. , „ ■ 3 \ , ^ , 1^ ,-7m(2" + 1) 



SL+3 = (n + ^ (j> + n + ^ + V (n + 1)) - lo : 

™ + I I I " T + — — T I +V" f M + ^ 

2) \fi + n + § n + 1/ V 2 

+ V (n + 1) - log (^n + l)(^i + n+^ 
SL+i + (n+l) ( . 1 . „ + 1 



22n+l 



2/ Vm + «- + | n + 1 



+ ' ' ( /' + n + - log ^/z + n + ^ + V (n + 1) - log (n + 1) 
> Sjfn+i + ( n + i I ( ■ 1 ■ , + 1 ' 



> ^2n+l> 



2/VM + "-+i n+lj ii + n+§ n+1 
1\ / 1 1 



2/ Vm + "-+ I n + 1 



where we used Lemma 3.1(c). This proves that the sequence { £271+1 }^-o * s 
increasing. Moreover, since 

S 2n+3 - S 2n+1 = ( n + 9 ) ( " — " 7 3 + 



2 J \fi + n+ ± n+1 
+ V> ( M + n + I) - l°g lA* + n 



27 V 2 
+ V(n+1) - log (n+1) 
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and by Lemma 3.1(c) we have that ip (/i + n + |) —log (/i + n + |) — > and also 
that V (n + 1) — log (n + 1) — > as n — > oo, then we conclude that 
limn^oo (S271+3 — ^2n+i) = 2j which implies the unboundedness of the sequence 

{^2n+i}^o" ^ ms um i* implies that lim^oo 2n"+i = 1, but a direct proof of 
this is as follows. Note that 

- - V M + " + + ^ {n + 1) - log 



2n+l 2\ \ 2) v 7 2n+l 

- log [ n + ^ 



= 5 v ( M + n + y ~ log ( n + y + ^ ^ + ^ ~ log ( n + \ 

8 2n + 1 

Note that Lemmas 3.1(b) and 3.2 give us that ip (fi + n + |) —log (n + |) — > 

i 

0, V (n + 1) - log (n + i) -» and log (^(2^+i»^ ^ -l as n ^ oo. Then 

we have that ^"tl — > 1 as n — > oo. 

Thus, we have proved the following theorem. 

Theorem 4.2 T/ie entropy of £271+1 * s <?* wen &2/ 

Sfin-i = (n + (V (m + n + §) + V> (n + 1)) - log 7 "^ + 1} , 

where fj, > — | and n = 0, 1,2, .... For fixed (j, > —\, the sequence {S^n+il^lo 
is an unbounded increasing sequence such that 



lim (S'jn+s £271+1) — 2, 



w/iic/i implies that 



Jim ^n+l = L 



r,// 

71— >oo 2n + 1 

For fixed n = 0, 1,2, we /icwe i/iai 



lim ^2n+l = -00. 
^— >+oo 



We can relate the entropies £271+1 w ^ n * ne entropies S 1 ^ as follows. We 
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note that 



p „ 2n+l/,/ 3\ , . ,A . 7„(2n+l) 

7„(2n + l) 



log 



2 2n+ 



fl + J_^| (V 7.(2n)\ n+i lo , 7.(2n + l) 

\ l+ 2n) ^n + log 22 „ J + ^ + log 22n+1 



2^7 2n ,u + n+i b 2(^ + n+i)' 
So we have that 

- as. - f + + log J?-' 2 ""* 

2n+1 2 ™ 2n /i + n+i 6 2( A i + n+i) 
By using Lemma 3.2 and Theorem 4.1 we obtain 
„Hm (S£ n+ i-S£ n ) = l. 

Similarly one has that 

^ CM _ S 2n-1 , 1 , 1 _7p(2"-l)^ T 



,5 2n ' 5 2ri-l ~ TT" 7 + 1 + i0 S 



2n-l 2n 
Lemma 3.2 and Theorem 4.2 allow us to conclude 



lirn^ (S£ n - S^n-i) = !• 



Finally, observe that we can express the formulas (4.1) and (4.3) in terms of 
the characteristic function 9 of the odd positive integers as 

st = ? (4 + 2±M±i) + f ( " + a( " 2 +1) + 1 )) " * ^ 

From this formula one can obtain at once the case \i = (formula (1.1)) by 
using the identity 

^ {H 1 ) + * = 2Vj (n + 1} - 2 log 2 ' 

whose proof is an easy exercise by induction. 

Combining Theorems 4.1 and 4.2 with the previous results, we have the 
following. 
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Theorem 4.3 Let \i > — i be fixed. The entropy S% is given by 

si . I (, („ + «±M±i) + „ (ii^ll)) _ log 2M . 

TTie sequence {S%}^ =0 of entropies is such that the subsequences of even 

terms {S^nl^Li and of odd terms {•S'^n+ij'^lo are * ncreas * n fl; the former being 
positive and the latter being eventually positive. Moreover, we have that 

Jim (^ +1 -^)=1, 
which shows that the sequence {S%}^ =0 is unbounded and implies that 

lim _2. = i. 

n^oo 77, 



5 Entropies in L 2 (R, 

Following the same sort of ideas we used in the previous section, we will calculate 
in this section the entropies of monomials t n € L 2 (R, dg^), n = 1, 2, .... (In the 
case n = 0we obtain from the definition that Stf^dg^) (1) = 0.) That is, for 
n = 1, 2, ... we will calculate explicitly 

= w *n / |r| 2 iog|r| 2 ex P (-t 2 ) if^i-ll^ll^^^iogiirn^^) 

1 A 00 

= r(/i+ i ) j / o « n (log«")exp(-«)«"-id« - ||t"|| 2 L2(R ,^) log||i"|| 2 L2(Rid9(j) . 
A direct calculation gives us 

\\ l llL 2 (E,d^) - r(//+ §) ' 

Next, define the function 

n(a) = J u na exp(-u)u^^ds = T ^na + A* + ^ 

in a neighborhood of a = 1. By calculating the derivative 7/(1) in two different 
ways (as we did in previous section) we find that 

J u n (log it") exp (-it) u^~^du = mj) + fj, + T + /j, + . 
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Then the entropy S L 2 { ^ dg ^ (t n ) is 

(*») - ^ (» + /* + 5 J - ^ %7TiT J • 

(5.1) 

When n = 1 formula (5.1) becomes 

<y m - r ^ 




By using that S^^^g ) (t) is homogeneous of degree 2 we can calculate the 

entropy of the monomial Ci* (t) = ^ 1+ 2 2jJ ^ tj which is the second element of the 
canonical basis {C«}^Lo °f ^ 2 (R, In fact, we have that S , L 2 (R,d 9M ) (CO = 

i^^OMsm) (*), and thcn 

Sv^dg.) (CO = V (m + |) - log + ■ (5-2) 
When jU = this formula becomes 

SmR.dg) (Ci°) = ^ (|) " lo § (0 = 2 - lo S 2 - ^' 

using tp (|) = 2 — 21og2 — 7, which is (1.2) as expected. 

Unfortunately we can not continue the previous procedure in order to obtain 
explicit formulas for the entropies of C^ £ L 2 (R, dg^) with n > 2, since for those 
values of n the polynomials are not longer monomials, and then (5.1) is not 
useful. Nevertheless we will study some properties of the sequence {s%}^L , 
where := S^^^g^ (t n ), and compare them with the results obtained in 
Section 4. 

Before that, recall that the /z-deformed Segal-Bargmann transform : 
L 2 (R, dg^) -> Bl is such that (Q) = ££, n = 0, 1, .... When n = we have 

Co (*) = !. Co ( z ) = !. and S L ^,d gii ) (1) = ^(Cdi/e,,.) ( X ) = °- So in this case 
we see that -B M preserves entropy. Let us consider the case n = 1. Formula (4.3) 
gives us 



Sl Hc . m (b m (CO) = ^ (m + I) + V> (1)) - log (fi + £ 

This formula, tp (1) = —7, and (5.2) give us that 

Smc, d ^) (b, (CO) - ^(r,*,) (CO = 4 (V (m + I) +7) • (5.3) 
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Observe that lim^_ > _ 1+ (ip (/i + |) + 7) = ip (1) + 7 = 0, and that [i 
?/j(/j+|)+7isan increasing function since we have that ip' (x) > for x > 
(see [M-O-S], p. 14). Then ip + §) +7 > for /1 > -|, and thus formula (5.3) 
tells us that S L 2^ d „ o ^ (B^ (CO) < S , L 2 (K;dS/() (Cf ). That is, the /x-deformed 
Segal-Bargmann transform decreases the entropy of Ci- We have already 
noted that B^ preserves the entropy of (0 • It seems reasonable to conjecture 
that B^ increases the entropy of other functions in L 2 (R, dg^). (This is known 
to be true in the case /z = 0. See [Sntl].) 

As happens in the case of the sequence of entropies {S^}^L in the previous 
section, the sequence of entropies {s^}^L is unbounded as we will prove now. 
By using the asymptotics 

ip(z) = logz + 0(z- 1 ) , (5.4) 
valid for |argz| < w and z — > 00 (see [M-O-S], p. 18), and Stirling's formula 

lo g r(z)= (z-l-)\ogz-z + 0(l), (5.5) 



also valid for |argz| < n and z — > 00 (sec [M-O-S], p. 12), we see that for large 
n the term in parentheses in the right hand side of (5.1) behaves like 

n (log (n + fi+^j +O (n- 1 )^ - (n + it) log (n + /i+^j 
+ M +i]+0(l) 



= n-/ilog \n + ^+-j+0{l), 

which is unbounded. In turn this implies that the sequence of entropies {s^}^L 
is unbounded, as wanted. 

Now let us see that the sequence {s^}^L is increasing (as the sequence 
{^n}^Lo i s )- Fhst note that Lemma (3.1) (a) gives us 

+ £) (^+£)-^+£))>°=^ 

so let us prove that s^ +1 > s% for n > 1. Observe that 

r(n + M + |) _ A A V 



r (^+l) fe=1 

So we can write (5.1) as 



n(* + ,-i) 




r 7 , 1 \ 1 nip [n + fi + - 

r(n + M + i) " / / i\ / 1 

r (M+ i) g(n n+Af+ 2j- iog ( fc+M "2 
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Then, by using Lemma (3.1) (a) we get 

r(n + /i+|) ^ / / 3\ , / 1 

S ^= r( M + i) g(n n + /i+ 2j' iog ( fc + "'2 

r(n + M +|) ^/ - T l TT+ ^(n + M +I)\ 

fev -iog(fc+ M -i) ; 

r(n + M+|) / , / 3\ , / 1 

"r\ V n + » + o _ lo S n + M 



= r(, + i) H n + M+ 2j 5 " 

which proves that {s%}^ =0 is increasing, as wanted. In particular we have that 
the sequence {s^}^ =1 is positive. (Recall that since L 2 (R, dg^) is a probability 
measure space, we have that > for all n = 0, 1, ....) 

Finally observe that from formulas (2.1), (3.2) and (4.1) we see that (5.1) 
can be written as 



T(n + fj,+ §) 



We know that lim^oo = 1 (Theorem 4.1) and lim^oo ^ = 1 (Propo- 
sition 3.1). Then we have that 



lim , 2 = TU 

So the sequence {s^}^l diverges to infinity much faster than the sequence 
{S£}~ does. 



6 ^-deformed Energies 



In this section we study two entropy-energy inequalities, known as reverse log- 
Sobolev inequalities (in the /z-deformed Segal-Bargmann space B 2 ^) that are 
proved in [A-S.l]. We first quote the appropriate definition of energy from 
[A-S.l] and then calculate it for the functions in the canonical basis of B 2 . 
Since we already have calculated the entropies for these functions, we can then 
proceed to the analysis of the two reverse log-Sobolev inequalities. 
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Definition 6.1 For f e B\ ^ we define its [i-dejormed energy E e ^ (/) as 

EeAf)= ! \f(z)\ 2 \z\ 2 d^(z). 

Jc 

For f e Bg^ we define its fi-deformed energy E D ^ (f) as 

EoAf)= I \f{z)\ 2 \z\ 2 d Vo ,^{z). 
Jc 

In general, for f e B 2 we define its fi-deformed energy (/) as E^ (/) = 

Ee,fj, (/e) + E 0tll (/ ). 

We will denote by E^ to the /i-deformed energy E^ so we have E% n = 
E^ ($ n ) and Eg n+1 = E ^ ($ n+1 ) . We have that 

(kl 2 ) \z\ 2lx+1 dxdy 



- 2 2 ^ 2 f°° K i (r 2N | r 2(2«+M+2) dr 

= —7 n r / 1 (s)s 2 " +AI+ 5ds. 

r(/i+±) 7 „(2n)./o ^ W 

Since 2n + /i + | > | /la — i | we can use formula (2.7) to write 

£ - r ( ,;i); (2 „) 22w+ * r (" + r( " + " +i) 

which simplifies (by using (2.1)) to 



— ; ±j. ; : 

J2n r(n + l)r(n + M + i) 

Similarly we have that 

i 2 

ttT(^+ 5 ) 7 C ( 7AJ (2n+l))2 2 V / 

-r( M+ I) 7 ,(2n + l)i 

= —7 n ; 7 / i ^u+ 1 (s)s 2n+ "+ids. 

r( / i+i) 7 ^(2n + l)i 

Since 2n + /i+| > |/x + || we can use formula (2.7) to write 

«~ " r(, J + ^(2„ +1) 22Wjr (" + f) r <» + " + 2 > • 
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which simplifies (by using (2.2)) to 

_ 2r(n+|)r(n + ^ + 2) 

2 " +1 ~ r(n+i)r(n + M +|) ' 



When fj, = formulas (6.1) and (6.2) become 

E Q 2n = 2n + 1 and E° n+1 = 2n + 2, 

which agrees with the known result that the (undeformed) energy E n of the 
function ( n is n + 1 (see [Sntl]). 

In [A-S.l] the following two reverse log-Sobolev inequalities are proved in 
the context of ^-deformed Segal-Bargmann analysis (Theorems 5.1 and 5.2). 



Theorem 6.1 For all c > 1 there exists a real number P e (c,(i) such that 

2 

(/) < CS L 2 (C ^) (/) + Pe (c,M) ||/|| b? 



for f e B\ we have 



Theorem 6.2 For all c > 1 there exists a real number P a (c, fj.) such that 
for f G Bg we have 

E ,» {f) < cS LHcM (/) + P Q (c,m) . 



A direct consequence of these results is the following reverse log-Sobolev in- 
equality in the ^-deformed Segal-Bargmann space (Theorem 5.3 in 
[A-S.l]). 

Theorem 6.3 For all c> 1 there exists a real number P (c, n) such that for 
f € Bf, we have 

E„ (/) < c {S LH c,d^) (/e) + S LHC ^ } (/„)) + P (c,aO ||/|| B2 . 



In particular, if we consider the elements n = 0, 1, ... of the canonical 
basis of SjJ, Theorem 6.1 tells us that for all c > 1 there exists a constant 
P e (c, fi) such that for all n = 0, 1, ... we have that 

££„<cS£„ + P e (c, M ), (6.3) 

and Theorem 6.2 tells us that for all c > 1 there exists a constant P Q (c, /u) such 
that for all n = 0, 1, ... we have that 

E» n+1 <cSZ n+1 +P (c,ri. (6.4) 

Remark. By using Stirling's formula it is easy to see from (6.1) and (6.2) 
that for fixed n = 0, 1, we have that E% — ► +oo as fi — > +oo. We already 
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know that S^n+i ~~ * ~°° as A* ~~ * +°° ( see Theorem 4.2). Then (6.4) tells us that 
for any c > 1 and any n = 0, 1, ... we have that P Q (c, /i) > S^n+i - c ^2n+i ~~ * +°° 
as /x — > +00. That is, the values of the constant P D (c, /x) in Theorem 6.2 will 
be as large as we want, by taking /1 > large enough. 

So Theorem 6.1 tells us that c > 1 is a sufficient condition to conclude the 
existence of the constant P e (c, fi) such that the inequality (6.3) holds for all 
n = 0, 1, .... We will prove now that this condition is also necessary, by showing 
that for fixed /x > — i, the sequence {E% n — cS^I^Lq is bounded above if and 
only if c > 1. 

By using the formula 

£li±! = 2 -*( 1 + (,-)), (6.5) 

valid for |argz| < n and z — > 00 (see [M-O-S], p. 12) we can write the following 
asymptotics for E% n : 

rptJ. _ r(n+|) r(n + M +l) 

2n I>+1) r(n + A t+±) 

= 2ra* (l + O (n -1 )) n2 (1 + O (n -1 )) 
= 2n+0(l). 

Also, by using (2.1), (5.4), (5.5) and formula (4.1) for S^, we can write 
5 2 ^nLf, + n + lV^(^l)Vlo g ^ + 1)r(M + n+ ^ 



r( M + i) 

n ^log ^/x + n + + log (n + 1) + O (V 1 )^) 
log(n + 1) + n + 1 



(/x + n) log U + n + - + /x + n + - + O (1) 



-i log (n+ 1) -a* log U + n+ ^ ) : 2/M O(l). 



Then we have that 
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-| log (n+1) 
EL -cS$ n = 2n + 0(l)-c\ -M log ( M + n + ±) 

+2n + 0(l) 




l) + CMlog( M + n+- 1+0(1) 



2 



(l-c)2n+£log- '" " 1 



2 

log ^ + n+0 +0(1) 
(1 - c) 2n + c U + 1 ] log [ n + n + t ) + O (1) . 



Clearly, the sequence {E^ n — cS^l^lo ^ s bounded above if and only if c > 1. 
This shows that the condition c > 1 is the best possible in the reverse log-Sobolev 
inequality in Theorem 6.1, namely that this inequality does not hold for c < 1. 

Now let us consider Theorem 6.2. We know that c > 1 is a sufficient condition 
to conclude the existence of the constant P a (c, such that the inequality (6.4) 
holds for all n = 0, 1, .... We will see now that this condition is also necessary, by 
showing that for fixed /i > — |, the sequence {-E^n+i — cS^+i }„_ * s bounded 
above if and only if c > 1. 

By using (6.5) we can write the following asymptotics for i?2n+i : 

2r (n+f)l> + M + 2) 

2 " +1 r(n + i)r(n + ^+|) 

= 2n^ (1 + O (n- 1 )) (1 + (n^ 1 )) 
= 2n + 0(l). 

By using (2.2), (5.4), (5.5) and formula (4.3) for S^n+n we can WT1 ^ e 
SL+i = ( n + I ) { V> { H + n + \ ) + V (n + 1) 



- log 



2/ V V 2 , 

r(n + i)r( M + n + |) 

1\ /, / 3 



2 



log ^ + n + ^ + log (n + 1) + O (n 



- (n + log (n+1) +n+l 

- (/x + n + 1) log (^fj, + n + ^ + (i + n + ^ + 0(1) 
+ M log (p + n+l J +2n + 0(l). 
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Then we have that 

2 „ + o (1 ,- c (-(^^f)) 

(1 - c) 2n + c + log ^ + n + + (1) . 

As in the case of Theorem 6.1 considered above, we see now that the sequence 
{i?2„ + i — c ^2n+i} Tj-o ^ s bounded above if and only if c > 1, which shows that 
the condition c > 1 is the best possible in the reverse log-Sobolev inequality in 
Theorem 6.2. 

Either one of the two cases considered in this section shows that the condition 
c > 1 in Theorem 6.3 is also the best possible. 



PA 1 _ r^Qf 1 

- C/ 2n+l co 2n+l 



7 Final remarks 



In conclusion, we have just a few comments. 

Firstly, it would be interesting to evaluate in closed form the entropies of 
the elements of the canonical basis of I? (R, dg^). This has not even been done 
yet in the case fj, = 0. 

Secondly, we would like to repeat the conjecture that the /z-deformed Segal- 
Bargmann transform increases the entropy of some functions. And again, this 
is plausible since it is known to be true when = 0. (Sec [Sntl].) 
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